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SEVERAL CLASSES OF BENT, NEAR-BENT AND 2-PLATEAUED
FUNCTIONS OVER FINITE FIELDS OF ODD CHARACTERISTIC
GUANGKUI XU, XIWANG CAO
Abstract. Inspired by a recent work of Mesnager, we present several new infinite fam-
ilies of quadratic ternary bent, near-bent and 2-plateaued functions from some known
quadratic ternary bent functions. Meanwhile, the distribution of the Walsh spectrum
of two class of 2-plateaued functions obtained in this paper is completely determined.
Additionally, we construct the first class of p-ary bent functions of algebraic degree p over
the fields of an arbitrary odd characteristic. The proposed class contains non-quadratic
p-ary bent functions that are affinely inequivalent to known monomial and binomial ones.
1. Introduction
Boolean functions with few Walsh transform values have useful applications in cryptog-
raphy and communications. Such functions provide protection against linear cryptanalysis
in cryptography [24] and correspond to sequences that have low cross-correlation with the
m-sequence in communications [14]. Boolean bent functions which have the highest pos-
sible nonlinearity with even number of variables were first introduced by Rothaus [29] in
1976. Bent functions have been widely studied and have received much attention due to
their significantly important role in cryptography, coding theory, communication, and se-
quence design. As a generalization of Rothau’s notion of a bent function, Kumar, Scholtz
and Welch extended it to p-ary bent functions from Znp to Zp in [20], where p is an in-
teger. In the case of p-ary bent functions things are naturally much more complicated
compare to Boolean bent functions. A number of recent papers are devoted to the de-
scription of new classes of bent functions. However, there are a few known families of
bent functions. In general, there are two ways to construct bent functions: primary con-
structions and secondary constructions. For some primary and secondary constructions
of bent functions on monomials, binomials and quadratic functions, the reader is referred
to [1, 2, 6, 12, 16, 21, 22, 25]. Surveys of known results on bent functions can be seen
in [4, 13, 28] and the references therein. Plateaued functions were introduced by Zheng
and Zhang as good candidates for designing cryptographic functions since they possess
desirable various cryptographic characteristics [36]. For more results on the treatment of
plateaued functions, we refer to [5, 7, 8, 9, 10, 19, 26, 35, 37]
For a prime p and a positive integer n, let Fpn be the finite field with p
n elements and
F
∗
pn = Fpn \ {0}. For any k dividing n, we denote the trace function from Fpn to Fpk as
follows:
Trnk(x) = x+ x
pk + xp
2k
+ · · · + xpn−k .
For k = 1, Trn1 (x) =
n−1∑
i=0
xp
i
is called the absolute trace function. Recently, Mesnager [27]
proved a strong version of [3, Theorem 3], and provided several primary and secondary
constructions of bent functions. Via some known binary monomial bent functions and their
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corresponding dual functions, she obtained two new infinite families of bent functions with
the forms
(1.1) f(x) = Trk1(λx
2k+1) + Trn1 (ux)Tr
n
1 (vx)
and
(1.2) f(x) = Trk1(x
2k+1) + Trn1
( 2r−1−1∑
i=1
x(2
k−1) i
2r
+1
)
+Trn1 (ux)Tr
n
1 (vx)
over F2n , where n = 2k, λ ∈ F∗2k and u, v ∈ F∗2n . It is well known that a function given by
adding a linear function to one bent function is also bent. Inspired by the work of [27], a
very natural question is considered: whether we can obtain new p-ary bent functions by
adding the product of two linear functions to some known p-ary bent functions? In a very
recent paper [33], the authors proved that some such p-ary functions are also bent under
certain conditions. In this paper, we will continue the work of [27, 33] and construct more
ternary bent and 2-plateaued functions of the form
(1.3) f(x) = Trk1(λx
3k+1) + Trn1 (ux)Tr
n
1 (vx)
over F3n , where n = 2k, λ ∈ F∗3k and u, v ∈ F∗3n . For an odd prime p, some p-ary bent
functions of the form
(1.4) f(x) = Trn1 (λx
d)−Trn1 (ux)Trn1 (x)p−1
over Fpn are obtained, where d = p
k + 1 or 2. The main result of this paper is obtained
from the study of the Walsh transform, which is different from the one used in [27].
The rest of the paper is organized as follows. In Section 2, we give some notations and
related results. In Section 3, using some known ternary bent functions, we derive more
ternary bent, near-bent and 2-plateaued functions of the form (1.3). In Section 4, two new
classes of non-quadratic p-ary bent functions of algebraic degree p with the form (1.4) are
obtained.
2. Preliminaries
A polynomial f(x) ∈ Fpn[x] is called a permutation polynomial of Fpn if it induces a
bijective map from Fpn to Fpn . For a permutation polynomial f(x) ∈ Fpn[x] there exists
(a unique) f−1(x) ∈ Fpn [x] such that f(f−1(x)) ≡ f−1(f(x)) ≡ x (mod xpn − x). We call
f−1(x) the compositional inverse of f(x). A polynomial of the form
L(x) =
m∑
i=0
aix
pi ∈ Fpn [x]
is called a linearized polynomial. It is well known that the compositional inverse of a
linearized permutation polynomial is also a linearized polynomial. Recently, the compo-
sitional inverse of of some linearized permutation polynomials have been discovered. For
detailed information, the reader is referred to [11, 30, 31, 32].
For some l | n, denote by Nnl : Fpn → Fpl the norm function Nnl (x) = x
pn−1
pl−1 .
Lemma 1 (Theorem 2.1 [31]). Let a ∈ F∗pn and d = gcd(n, r). Then the linearized binomial
La,r(x) = x
pr + ax is a permutation polynomial over Fpn if and only if (−1)ndNnd (a) 6= 1.
Moreover,
L−1a,r(x) =
Nnd (a)
Nnd (a) + (−1)
n
d
n
d
−1∑
i=0
(−1)ia− p
(i+1)r
−1
pr−1 xp
ir
.
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In particular, if n is even, then La,n
2
(x) = xp
n
2 +ax is a linearized permutation polynomial
over Fpn if and only if a
p
n
2 +1 6= 1, and
L−1a,n
2
(x) =
1
ap
n
2 +1 − 1
(ap
n
2
x− xn2 ).
Let f : Fpn → Fp be a p-ary function with n variables. For any integer d ∈ {0, 1, · · · , pn−
1}, let∑n−1i=0 dipi be its p-ary expansion with 0 ≤ di ≤ p−1, then the p-weight of d denoted
by wp(d) equals
∑n−1
i=0 di. Recall that each function f : Fpn → Fp can be represented by
a univariate polynomial over Fpn . The algebraic degree of f(x) is equal to the maximum
p-weight of an exponent j of the term ajx
j in f(x) with aj 6= 0.
The Walsh transform of f is defined as follows
χ̂f (a) =
∑
x∈Fpn
ωf(x)−Tr
n
1 (ax), a ∈ Fpn,
where ω = e2pi
√−1/p is a primitive p-th root of unity. The values χ̂f (a), a ∈ Fpn are called
the Walsh coefficients of f . The Walsh spectrum of a Boolean function f is the multiset
{χ̂f (a), a ∈ Fpn}.
Definition 1. A p-ary function f is called bent if |χ̂f (a)| = pn/2 for all a ∈ Fpn.
A p-ary bent function f(x) is called regular if χ̂f (a) = p
n/2ωf
∗(a) for any a ∈ Fpn , where
the function f∗(x) is called the dual of f(x). A bent function f(x) is called weakly regular
if there is a complex µ with unit magnitude such that χ̂f (a) = p
n/2µωf
∗(a). The dual of
a (weakly) regular bent function is again a (weakly) regular bent function [15].
Definition 2. [7] For an integer 0 ≤ s ≤ n, if |χ̂f (a)| = {0, p
n+s
2 } for all a ∈ Fpn, then
we call f s-plateaued (for s = 1 the term near-bent is common).
For s ∈ {0, 1, 2}, s-plateaued functions have been actively studied and have attractive
much attention due to their cryptographic, algebraic, and combinatorial properties.
Two functions f, g : Fpn → Fp are called affinely equivalent [18, 34] if f(x) = ag(l(x) +
b) + c for some linearized permutation l(x) ∈ Fpn [x], a, c ∈ Fp and b ∈ Fpn . Note that
algebraic degree, bentness of a p-ary function are affine invariants.
In this paper, we mainly focus on the secondary constructions via some known p-ary
bent functions. Thus, we need to recall the following known results.
Lemma 2 (p-ary Kasami, Corollary 4 [23, 15]). Let n = 2k and λ ∈ F∗
pk
. For any
odd prime p, the p-ary monomial f(x) = Trk1(λx
pk+1) is a weakly regular bent function.
Moreover, for a ∈ Fpn the corresponding Walsh transform coefficient of f(x) is equal to
χ̂f (a) = −pkω−Tr
k
1
(
λ−1ap
k+1
)
.
Lemma 3 (Sidelnikov, Corollary 3 [15]). For any nonzero λ ∈ Fpn and odd prime p,
the p-ary monomial f(x) = Trn1 (λx
2) is a (weakly) regular bent function. Moreover, for
a ∈ Fpn the corresponding Walsh transform coefficient of f(x) is equal to
(2.1) χ̂f (a) =
{
η(λ)(−1)n−1pn2 ω−Trn1 (a
2
4λ
), if p ≡ 1 (mod4);
η(λ)(−1)n−1inpn2 ω−Trn1 (a
2
4λ
), if p ≡ 3 (mod4),
where i =
√−1 and η is the quadratic character of Fpn.
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3. Quadratic ternary bent, near-bent and 2-plateaued functions from
some known ternary bent functions
In this section, we will construct several classes of quadratic ternary bent, near-bent
and 2-plateaued functions. Before doing this, we need the following lemma.
Lemma 4 ( Lemma 4 [33]). Let n be a positive integer and u, v ∈ F∗3n . Let g(x) be a
ternary function defined on F3n . Define the ternary function f(x) by
f(x) = g(x) + Trn1 (ux)Tr
n
1 (vx).
Then for any a ∈ F3n, the corresponding Walsh transform coefficient of f(x) is equal to
χ̂f (a) =
1
3
[χ̂g(a) + χ̂g(a+ u) + χ̂g(a− u)
+ χ̂g(a− v) + ωχ̂g(a− v + u) + ω2χ̂g(a− v − u)
+ χ̂g(a+ v) + ω
2χ̂g(a+ v + u) + ωχ̂g(a+ v − u)],(3.1)
where ω is a primitive 3-rd root of unity.
It was shown in [8] that quadratic monomial near-bent functions Trn1 (λx
pr+1), λ ∈ Fpn
in odd characteristic p do not exist. Now, we can derive the following construction of
ternary near-bent functions via ternary monomial bent function Trn1 (λx
3r+1). We define
a subset of F33 as
A = {(0, 1, 1), (0, 2, 2), (1, 1, 1), (1, 2, 2), (2, 0, 1), (2, 0, 2), (2, 1, 0), (2, 2, 0)}.
Now, using Lemmas 2 and 4, we can obtain the next theorem.
Theorem 1. Let k > 1 and n = 2k. Let λ ∈ F∗
3k
and u, v ∈ F∗3n . Let f be the ternary
function defined as
f(x) = Trk1(λx
3k+1) + Trn1 (ux)Tr
n
1 (vx).(3.2)
1): If (Trn1 (λ
−1u3
k
v),Trk1(λ
−1u3
k+1),Trk1(λ
−1v3
k+1)) ∈ F33 \ (A ∪ {(2, 0, 0)}), then f
is bent.
2): If (Trn1 (λ
−1u3
k
v),Trk1(λ
−1u3
k+1),Trk1(λ
−1v3
k+1)) ∈ A, then f is near-bent.
3): If (Trn1 (λ
−1u3
k
v),Trk1(λ
−1u3
k+1),Trk1(λ
−1v3
k+1)) = (2, 0, 0), then f is a ternary
2-plateaued function. Moreover, when a runs through all elements in F3n, the
distribution of the Walsh spectrum of ternary 2-plateaued function f is given by
χ̂f (a) =

0, occurs 3n − 3n−2 times,
−3k+1, occurs 3n−3 − 2 · 3k−2 times,
−3k+1ω, occurs 3n−3 + 3k−2 times,
−3k+1ω2, occurs 3n−3 + 3k−2 times.
Proof. Let g(x) = Trk1(λx
3k+1). For a ∈ F3n , it follows from Lemma 4 that
χ̂f (a) = △1 +△3 +△3,
where
△1 = 1
3
[χ̂g(a) + χ̂g(a+ u) + χ̂g(a− u)],
△2 =1
3
[χ̂g(a− v) + ωχ̂g(a− v + u) + ω2χ̂g(a− v − u)]
and
△3 =1
3
[χ̂g(a+ v) + ω
2χ̂g(a+ v + u) + ωχ̂g(a+ v − u)].
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From Lemma 2, we have χ̂g(a) = −3kω−Trk1(λ−1a3
k+1). Then
△1 =1
3
[χ̂g(a) + χ̂g(a+ u) + χ̂g(a− u)]
=
1
3
[−3kω−Trk1(λ−1a3
k+1) − 3kω−Trk1(λ−1a3
k+1)−Trk1 (λ−1(a3
k
u+au3
k
))−Trk1 (λ−1u3
k+1)
− 3kω−Trk1(λ−1a3
k+1)+Trk1(λ
−1(a3
k
u+au3
k
))−Trk1(λ−1u3
k+1)]
=− 1
3
3kω−Tr
k
1(λ
−1a3
k+1)[1 + ω−Tr
n
1 (λ
−1a3
k
u)−Trk1(λ−1u3
k+1)
+ ωTr
n
1 (λ
−1a3
k
u)−Trk1(λ−1u3
k+1)]
where the last identity holds due to the transitivity property of Trn1 (x), that is, Tr
n
1 (x) =
Trk1(Tr
n
k(x)).
Similarly, we have
△2 =1
3
[(χ̂g(a− v) + ωχ̂g(a− v + u) + ω2χ̂g(a− v − u)]
=− 1
3
3kω−Tr
k
1(λ
−1a3
k+1)+Trn1 (λ
−1a3
k
v)−Trk1(λ−1v3
k+1)
× [1 + ω1−Trn1 (λ−1a3
k
u)+Trn1 (λ
−1u3
k
v)−Trk1(λ−1u3
k+1)
+ ω2+Tr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1u3
k
v)−Trk1(λ−1u3
k+1)]
and
△3 =1
3
[χ̂g(a+ v) + ω
2χ̂g(a+ v + u) + ωχ̂g(a+ v − u)]
=− 1
3
3kω−Tr
k
1(λ
−1a3
k+1)−Trn1 (λ−1a3
k
v)−Trk1(λ−1v3
k+1)
× [1 + ω2−Trn1 (λ−1a3
k
u)−Trn1 (λ−1u3
k
v)−Trk1(λ−1u3
k+1)
+ ω1+Tr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1u3
k
v)−Trk1(λ−1u3
k+1)].
Let t0 = Tr
n
1 (λ
−1u3
k
v), t1 = Tr
k
1(λ
−1u3
k+1) and t2 = Tr
k
1(λ
−1v3
k+1). Denote c1 =
Trn1 (λ
−1a3
k
u) and c2 = Tr
n
1 (λ
−1a3
k
v). Then the sums △1, △2 and △3 can be written
as
△1 = −1
3
3kω−Tr
k
1(λ
−1a3
k+1)(1 + ω−c1−t1 + ωc1−t1),(3.3)
△2 =− 1
3
3kω−Tr
k
1(λ
−1a3
k+1)+c2−t2(1 + ω1−c1+t0−t1 + ω2+c1−t0−t1)(3.4)
and
△3 =− 1
3
3kω−Tr
k
1(λ
−1a3
k+1)−c2−t2(1 + ω2−c1−t0−t1 + ω1+c1+t0−t1).(3.5)
Combining (3.3)-(3.5), we get
χ̂f (a) =△1 +△2 +△3
=− 1
3
3kω−Tr
k
1(λ
−1a3
k+1)[1 + ω−c1−t1 + ωc1−t1
+ ωc2−t2 + ω−c2−t2 + ω1−c1+c2+t0−t1−t2 + ω2+c1+c2−t0−t1−t2
+ ω2−c1−c2−t0−t1−t2 + ω1+c1−c2+t0−t1−t2 ].(3.6)
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1) We only give the proof of the case of (t0, t1, t2) = (1, 2, 1) ∈ F33 \ (A∪{(2, 0, 0)}) since
the others can be proven in a similar manner. Note that (c0, c1) ∈ F23 for a fixed a ∈ F3n .
Depending on the value of the pair (c0, c1) and from (3.6), we have
χ̂f (a) = △1 +△3 +△3
=

3kω−Tr
k
1(λ
−1a3
k+1), if (c1, c2) = (0, 0),
3kω−Tr
k
1(λ
−1a3
k+1)+1, if (c1, c2) ∈ {(1, 0), (1, 1), (2, 0), (2, 2)},
3kω−Tr
k
1(λ
−1a3
k+1)+2, if (c1, c2) ∈ {(0, 1), (0, 2), (1, 2), (2, 1)}.
Hence, for all a ∈ F3n , we can see that |χ̂f (a)| = 3k if (t0, t1, t2) = (1, 2, 1).
2) Let ω = −1+
√
3i
2 where i =
√−1. It is easy to verify that ω2 − ω = −√3i. Similar
as in 1), we only give the proof of the case of (t0, t1, t2) = (0, 1, 1) ∈ A. For a ∈ F3n , from
(3.6), we have
χ̂f (a) = △1 +△3 +△3
=

3k+1/2iω−Tr
k
1(λ
−1a3
k+1), if (c1, c2) = (0, 0),
3k+1/2iω−Tr
k
1(λ
−1a3
k+1)+1, if (c1, c2) ∈ {(1, 2), (2, 1)},
0, otherwise.
Consequently, for a ∈ F3n , |χ̂f (a)| ∈ {0, 3k+1/2} if (t0, t1, t2) = (0, 1, 1).
3) If t0 = 2, t1 = 0 and t2 = 0, by (3.3)-(3.5), we have
χ̂f (a) = △1 +△3 +△3
= −1
3
3kω−Tr
k
1(λ
−1a3
k+1)(1 + ω−c1 + ωc1)(1 + ωc2 + ω−c2)
=
{
−3k+1ω−Trk1 (λ−1a3k+1), if (c1, c2) = (0, 0),
0, otherwise.
(3.7)
Therefore, |χ̂f (a)| ∈ {0, 3k+1} for all a ∈ F3n . Then f is 2-plateaued.
By a complex and lengthy computation, we can obtain the value distribution of the
Walsh transform of 2-plateaued function f , and the details are presented in Appendix
6. 
Example 1. Let k = 3, n = 6. Let α be the generator of F∗36 with α
6−α4+α2−α−2 = 0.
1): Take λ = α84, u = α4 and v = α6. Then f defined by (3.2) is
f(x) = Tr31(α
84x28) + Tr61(α
4x)Tr61(α
6x).
By a Magma program, we can see that Tr61(λ
−1u27v) = 1, Tr31(λ
−1u28) = 0,
Tr31(λ
−1v28) = 0 and f is bent.
2): Take λ = α84, u = α7 and v = α25. Then f defined by (3.2) is
f(x) = Tr31(α
84x28) + Tr61(α
7x)Tr61(α
25x).
By a Magma program, we can see that Tr61(λ
−1u27v) = 2, Tr31(λ
−1u28) = 2,
Tr31(λ
−1v28) = 0 and f is near-bent.
3): Take λ = α84, u = α4 and v = α25. Then f defined by (3.2) is
f(x) = Tr31(α
84x28) + Tr61(α
4x)Tr61(α
25x).
By a Magma program, we can see that Tr61(λ
−1u27v) = 2, Tr31(λ
−1u28) = 0,
Tr31(λ
−1v28) = 0 and f is 2-plateaued. Moreover, the value distribution of the
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Walsh transform of f is
χ̂f (a) =

0, occurs 648 times,
−81, occurs 21 times,
−81ω, occurs 30 times,
−81ω2, occurs 30 times.
Thus, our computer experiments are consistent with the results given in Theorem 1.
We define a subset of F33 as
B = {(0, 1, 1), (0, 2, 2), (1, 0, 1), (1, 0, 2), (1, 1, 0), (1, 2, 0), (2, 1, 1), (2, 2, 2)}.
Similarly, by Lemmas 3 and 4, we can prove the following theorem.
Theorem 2. Let n be a positive integer with n > 3 and λ, u, v ∈ F∗3n . The ternary function
f defined as
f(x) = Trn1 (λx
2) + Trn1 (ux)Tr
n
1 (vx).(3.8)
1): If (Trn1 (λ
−1uv),Trn1 (λ
−1u2),Trn1 (λ
−1v2)) ∈ F33 \ (B ∪ {(1, 0, 0)}), then f is bent.
2): If (Trn1 (λ
−1uv),Trn1 (λ
−1u2),Trn1 (λ
−1v2)) ∈ B, then f is near-bent.
3): If (Trn1 (λ
−1uv),Trn1 (λ
−1u2),Trn1 (λ
−1v2)) = (1, 0, 0), then f is a ternary 2-plateaued
function. Moreover, when a runs through all elements in F3n , the distribution of
the Walsh spectrum of ternary 2-plateaued function f is shown as follows.
i) For the case n is odd,
χ̂f (a) =

0, occurs 3n − 3n−2 times,
η(λ)in3
n
2
+1, occurs 3n−3 times,
η(λ)in3
n
2
+1ω, occurs 3n−3 + η(λ)in+13
n−3
2 times,
η(λ)in3
n
2
+1ω2, occurs 3n−3 − η(λ)in+13n−32 times.
i) For the case n is even,
χ̂f (a) =

0, occurs 3n − 3n−2 times,
−η(λ)in3n2+1, occurs 3n−3 − 2η(λ)in3n2−2 times,
−η(λ)in3n2+1ω, occurs 3n−3 + η(λ)in3n2−2 times,
−η(λ)in3n2+1ω2, occurs 3n−3 + η(λ)in3n2−2 times.
Proof. The proof is similar to that of Theorem 1 and is omitted. 
Remark 1. By Theorems 1 and 2, one can conclude that a ternary function given by
adding the product of the product of two linear functions to known ternary bent function
Trk1(λx
3k+1) or Trn1 (λx
2) must be among ternary bent, near-bent and 2-plateaued function.
It is interesting to find other ternary bent functions f(x) such that f(x)+Trn1 (ux)Tr
n
1 (vx)
are also bent.
Example 2. Let n = 4 and let α be the generator of F∗34 with α
4 − α3 − 1 = 0.
1): Take λ = α, u = α4 and v = α7. Then f defined by (3.8) is
f(x) = Tr41(αx
2) + Tr41(α
4x)Tr41(α
7x).
By a Magma program, we can see that Tr41(λ
−1uv) = 2,Tr41(λ
−1u2) = 2,Tr41(λ
−1v2) =
0 and f is bent. This is consistent with the results given in Theorem 2.
2): Take λ = α, u = α4 and v = α8. Then f defined by (3.8) is
f(x) = Tr41(αx
2) + Tr41(α
4x)Tr41(α
8x).
By a Magma program, we can see that Tr41(λ
−1uv) = 1,Tr41(λ
−1u2) = 2,Tr41(λ
−1v2) =
0 and f is near-bent.
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3): Take λ = α, u = α16 and v = α8. Then f defined by (3.8) is
f(x) = Tr41(αx
2) + Tr41(α
16x)Tr41(α
8x).
By a Magma program, we can see that Tr41(λ
−1uv) = 1, Tr41(λ
−1u2) = 0, Tr41(λ
−1v2) =
0 and f is 2-plateaued. The the value distribution of the Walsh transform of f is
χ̂f (a) =

0, occurs 72 times,
27, occurs 5 times,
27ω, occurs 2 times,
27ω2, occurs 2 times.
Thus, our computer experiments are consistent with the results given in Theorem 2.
Below, we identify F3n (where n = 2k) with F3k × F3k . For a = (a1, a2), b = (b1, b2) ∈
F3k×F3k , the scalar product in F3n can be defined as 〈(a1, a2), (b1, b2)〉 = Trk1(a1b1+a2b2).
The well-known Maiorana-McFarland class of ternary bent functions can be defined as
g(x, y) = Trk1(xpi(y)) + h(y), (x, y) ∈ F3k × F3k
where pi : F3k → F3k is a permutation and h is a ternary function over F3k , and its dual is
given by
g∗(x, y) = −Trk1(ypi−1(x)) + h(pi−1(x))
where pi−1 denotes the inverse mapping of the permutation pi [20]. This together with the
definition of the dual function implies that for each a = (a1, a2) ∈ F3n
χ̂g(a1, a2) = 3
kω−Tr
k
1(a2pi
−1(a1))+h(pi−1(a1)).(3.9)
Similar to Lemma 4, we have the following result.
Lemma 5. Let n = 2k be a even positive integer and (u1, u2), (v1, v2) ∈ F3k × F3k . Let
g(x, y) be a ternary function defined on F3k × F3k . Let f(x, y) be the ternary function
defined as
f(x, y) = g(x, y) + Trk1(u1x+ u2y)Tr
k
1(v1x+ v2y).
Then for any (a1, a2) ∈ F3k×F3k , the corresponding Walsh transform coefficient of f(x, y)
is equal to
χ̂f (a1, a2) =
1
3
[χ̂g(a1, a2) + χ̂g(a1 + u1, a2 + u2) + χ̂g(a1 − u1, a2 − u2)
+χ̂g(a1 − v1, a2 − v2) + ωχ̂g(a1 − v1 + u1, a2 − v2 + u2)
+ω2χ̂g(a1 − v1 − u1, a2 − v2 − u2) + χ̂g(a1 + v1, a2 + v2)
+ω2χ̂g(a1 + v1 + u1, a2 + v2 + u2) + ωχ̂g(a1 + v1 − u1, a2 + v2 − u2)]
where ω is a primitive 3-rd root of unity.
The following theorem will employ the linearized permutation polynomial over F3k to
give new ternary bent functions from the class of Maiorana-McFarland.
Theorem 3. Let A be the subset of F33 defined as above. Let n = 2k and u = (u1, u2), v =
(v1, v2) be two nonzero elements in F3k × F3k . Assume that pi is a linearized permutation
polynomial over F3k . Let f(x, y) be the ternary function given by
f(x, y) = Trk1(xpi(y)) + Tr
k
1(y) + Tr
k
1(u1x+ u2y)Tr
k
1(v1x+ v2y).(3.10)
1): If
(
Trk1(u2pi
−1(v1) + v2pi−1(u1)),Trk1(u2pi
−1(u1)),Trk1(v2pi
−1(v1))
) ∈ F33 \ (A ∪
{(2, 0, 0)}), then f(x, y) is bent.
2): If
(
Trk1(u2pi
−1(v1)+v2pi−1(u1)),Trk1(u2pi
−1(u1)),Trk1(v2pi
−1(v1))
) ∈ A, then f(x, y)
is near-bent.
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3): If
(
Trk1(u2pi
−1(v1)+v2pi−1(u1)),Trk1(u2pi
−1(u1)),Trk1(v2pi
−1(v1))
)
= (2, 0, 0), then
f(x, y) is a ternary 2-plateaued function.
Proof. Let g(x, y) = Trk1(xpi(y))+Tr
k
1(y). Applying Lemma 5, for each (a1, a2) ∈ F3k×F3k ,
we have
χ̂f (a1, a2) = △1 +△2 +△3,
where
△1 =1
3
[χ̂g(a1, a2) + χ̂g(a1 + u1, a2 + u2) + χ̂g(a1 − u1, a2 − u2)],
△2 =1
3
[χ̂g(a1 − v1, a2 − v2) + ωχ̂g(a1 − v1 + u1, a2 − v2 + u2)
+ ω2χ̂g(a1 − v1 − u1, a2 − v2 − u2)].
and
△3 =1
3
[χ̂g(a1 + v1, a2 + v2) + ω
2χ̂g(a1 + v1 + u1, a2 + v2 + u2)
+ ωχ̂g(a1 + v1 − u1, a2 + v2 − u2)].
Note that pi is a linearized permutation polynomial, and thus, pi−1 is also a linearized per-
mutation polynomial. From (3.9), we can compute the sums △1, △2 and △3 respectively.
△1 =1
3
χ̂g(a1, a2)[1 + ω
−Trk1(a2pi−1(u1))−Trk1(u2pi−1(a1))+Trk1(pi−1(u1))−Trk1(u2pi−1(u1))
+ ωTr
k
1(a2pi
−1(u1))+Tr
k
1(u2pi
−1(a1))−Trk1(pi−1(u1))−Trk1(u2pi−1(u1))](3.11)
Similarly, we have
△2 =1
3
χ̂g(a1, a2)ω
Trk1(a2pi
−1(v1))+Tr
k
1(v2pi
−1(a1))−Trk1 (pi−1(v1))−Trk1(v2pi−1(v1))
× [1 + ω1−Trk1(a2pi−1(u1))−Trk1(u2pi−1(a1))+Trk1(pi−1(u1))−Trk1(u2pi−1(u1))
× ωTrk1 (u2pi−1(v1))+Trk1(v2pi−1(u1))
+ ω2+Tr
k
1(a2pi
−1(u1))+Trk1(u2pi
−1(a1))−Trk1(pi−1(u1))−Trk1(u2pi−1(u1))
× ω−Trk1(u2pi−1(v1))−Trk1(v2pi−1(u1))](3.12)
and
△3 =1
3
χ̂g(a1, a2)ω
−Trk1(a2pi−1(v1))−Trk1(v2pi−1(a1))+Trk1(pi−1(v1))−Trk1(v2pi−1(v1))
× [1 + ω2−Trk1(a2pi−1(u1))−Trk1(u2pi−1(a1))+Trk1(pi−1(u1))−Trk1(u2pi−1(u1))
× ω−Trk1(u2pi−1(v1))−Trk1(v2pi−1(u1))
+ ω1+Tr
k
1(a2pi
−1(u1))+Tr
k
1 (u2pi
−1(a1))−Trk1(pi−1(u1))−Trk1(u2pi−1(u1))
× ωTrk1(u2pi−1(v1))+Trk1(v2pi−1(u1))].(3.13)
For convenience of presentation, we let t0 = Tr
k
1(u2pi
−1(v1)) + Trk1(v2pi
−1(u1)), t1 =
Trk1(u2pi
−1(u1)) and t2 = Trk1(v2pi
−1(v1)) and denote c1 = Trk1(a2pi
−1(u1))+Trk1(u2pi
−1(a1))−
Trk1(pi
−1(u1)) and c2 = Trk1(a2pi
−1(v1)) + Trk1(v2pi
−1(a1)) − Trk1(pi−1(v1)). Thus, (3.11),
(3.12) and (3.13) can be written as
△1 = 13 χ̂g(a1, a2)
(
1 + ω−c1−t1 + ωc1−t1
)
,
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△2 =1
3
χ̂g(a1, a2))ω
c2−t2(1 + ω1−c1+t0−t1 + ω2+c1−t0−t1)
and
△3 =1
3
χ̂g(a1, a2))ω
−c2−t2(1 + ω2−c1−t0−t1 + ω1+c1+t0−t1),
Similar as the proof of Theorem 1, detailed discussing of the possible values of ti and ci
leads to the desired conclusion. 
Remark 2. To obtain our constructions in Theorem 3, we need to know the compositional
inverse of a given linearized permutation polynomial over F3k . It is clear that the simplest
suitable linearized permutation polynomial pi over F3k in Theorem 3 is y
3i where 0 ≤ i ≤
n− 1. In addition, the linearized permutation binomials in Lemma 1 with p = 3 can also
be employed to construct ternary functions in Theorem 3.
Example 3. Let k = 4 and n = 8. Let α be the generator of F∗34 with α
4 − α3 − 1 = 0.
Take pi(y) = y9 + αy, by Lemma 1, we can get pi−1(y) = (α10 − 1)−1(α9y − y9).
1): Let u = (u1, u2) = (α
4, α5) and v = (v1, v2) = (α
10, α2). Then f(x, y) defined by
(3.10) is
f(x, y) = Tr41(x(y
9 + αy)) + Tr41(y) + Tr
4
1(α
4x+ α5y)Tr41(α
10x+ α2y).
Using Magma, we can verify that Tr41(u2pi
−1(v1))+Trk1(v2pi
−1(u1)) = 1, Tr41(u2pi
−1(u1))) =
0, Tr41(v2pi
−1(v1))) = 0 and f(x, y) is bent.
2): Let u = (u1, u2) = (α
10, α11) and v = (v1, v2) = (α
10, α73). Then f(x, y) defined
by (3.10) is
f(x, y) = Tr41(x(y
9 + αy)) + Tr41(y) + Tr
4
1(α
10x+ α11y)Tr41(α
10x+ α73y).
Using Magma, we can verify that Tr41(u2pi
−1(v1))+Tr41(v2pi
−1(u1)) = 2, Tr41(u2pi
−1(u1))) =
2, Tr41(v2pi
−1(v1))) = 0 and f(x, y) is near-bent.
3): Let u = (u1, u2) = (α
4, α5) and v = (v1, v2) = (α
10, α46). Then f(x, y) defined
by (3.10) is
f(x, y) = Tr41(x(y
9 + αy)) + Tr41(y) + Tr
4
1(α
4x+ α5y)Tr41(α
10x+ α46y).
Using Magma, we can verify that Tr41(u2pi
−1(v1))+Tr41(v2pi
−1(u1)) = 2, Tr41(u2pi
−1(u1))) =
0, Tr41(v2pi
−1(v1))) = 0 and f(x, y) is 2-plateaued.
Our computer experiments are consistent with the results given in Theorem 3.
4. Two new class of non-quadratic p-ary bent functions of algebraic
degree p
In [33], the authors provided a class of non-quadratic p-ary bent functions f(x) =
Trk1(λx
pi+1) + cTrn1 (x)
p−1 of the algebraic degree p − 1, where ngcd(i,n) is odd. In this
section, two new class of non-quadratic p-ary bent functions of algebraic degree p will be
obtained. Before doing this, we need the following lemma.
Lemma 6. Let p be an odd prime and n be a positive integer. Let g(x) be a p-ary function
defined on Fpn. Let f(x) be the p-ary function defined by
f(x) = g(x)− Trn1 (ux)Trn1 (x)p−1,
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where c ∈ F∗p and u ∈ F∗pn . Then, for every a ∈ Fpn the corresponding Walsh transform
coefficient of f(x) is equal to
χ̂f (a) =
1
p
p−1∑
j=0
χ̂g(a+ j)− 1
p
p−1∑
j=0
χ̂g(a+ u+ j) + χ̂g(a+ u),
where ω is a primitive p-th root of unity.
Proof. For i = 0, 1, · · · , p−1, we define Ti = {x ∈ Fpn |Trn1 (x) = i}. To calculate the Walsh
transform coefficient of f(x) evaluated at a ∈ Fpn , we define the following exponential sums
Si(a) =
∑
x∈Ti
ωg(x)−Tr
n
1 (ax), Qi(a+ u) =
∑
x∈Ti
ωg(x)−Tr
n
1 ((a+u)x),
where i = 0, 1, · · · , p − 1. Then we have
χ̂f (a)
=
∑
x∈Fpn
ωf(x)−Tr
n
1 (ax)
=
∑
x∈Fpn
ωg(x)−Tr
n
1 (ux)Tr
n
1 (x)
p−1−Trn1 (ax)
=
∑
x∈T0
ωg(x)−Tr
n
1 (ax) +
∑
x∈T1
ωg(x)−Tr
n
1 ((a+u)x) + · · · +
∑
x∈Tp−1
ωg(x)−Tr
n
1 ((a+u)x)
=S0(a)−Q0(a+ u) + χ̂g(a+ u).
For a j ∈ Fp, we can derive∑
x∈Ti
ωg(x)−Tr
n
1 ((a+j)x) =
∑
x∈Ti
ωg(x)−Tr
n
1 (ax)−jTrn1 (x) = ω−jiSi(a).(4.1)
It then follows that χ̂g(a+ j) =
∑p−1
i=0 ω
−jiSi(a). For j ∈ {0, 1, · · · , p− 1}, we can get
χ̂g(a) =
∑p−1
i=0 Si(a)
χ̂g(a+ 1) =
∑p−1
i=0 ω
−iSi(a)
· · ·
χ̂g(a+ p− 1) =
∑p−1
i=0 ω
−(p−1)iSi(a) .
(4.2)
Note that 1 + ω + · · ·+ ωp−1 = 0. Adding p equations of (4.2) gives
S0(a) =
1
p
p−1∑
j=0
χ̂g(a+ j).
Substituting a by a+ u in (4.1) and repeating above process, we have
Q0(a+ u) =
1
p
p−1∑
j=0
χ̂g(a+ u+ j).
Finally, we have
χ̂f (a) =
1
p
p−1∑
j=0
χ̂g(a+ j)− 1
p
p−1∑
j=0
χ̂g(a+ u+ j) + χ̂g(a+ u).

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Theorem 4. Let n = 2k with k > 1 and λ ∈ F∗
pk
, u ∈ Fpn \ Fp such that Trk1(λ−1) = 0
and Trn1 (λ
−1u) = 0. Then the p-ary function
f(x) = Trk1(λx
pk+1)− Trn1 (ux)Trn1 (x)p−1(4.3)
is a weakly regular bent function. Moreover, for a ∈ Fpn the corresponding Walsh transform
coefficient of f(x) is equal to
χ̂f (a) =
{
−pkω−Trk1(λ−1apk+1), if Trn1 (λ−1a) = 0 ;
−pkω−Trk1(λ−1(a+u)pk+1), if Trn1 (λ−1a) 6= 0.
Proof. Let g(x) = Trk1(λx
pk+1). By lemma 2, g(x) is a p-ary bent function and
χ̂g(a) = −pkω−Trk1(λ−1ap
k+1)
for a ∈ Fpn . It then follows from Lemma 6 that
χ̂f (a) =
1
p
p−1∑
j=0
χ̂g(a+ j) − 1
p
p−1∑
j=0
χ̂g(a+ u+ j) + χ̂g(a+ u)
=− pk
(
1
p
p−1∑
j=0
ω−Tr
k
1(λ
−1ap
k+1)−jTrk1(λ−1(ap
k
+a))−j2Trk1(λ−1)
− 1
p
p−1∑
j=0
ω−Tr
k
1(λ
−1(a+u)p
k+1)−jTrk1(λ−1((a+u)p
k
+a+u))−j2Trk1(λ−1)
+ ω−Tr
k
1(λ
−1(a+u)p
k+1)
)
=− pk
(
1
p
p−1∑
j=0
ω−Tr
k
1(λ
−1ap
k+1)−jTrn1 (λ−1a)−j2Trk1(λ−1)
− 1
p
p−1∑
j=0
ω−Tr
k
1(λ
−1(a+u)p
k+1)−jTrn1 (λ−1a)−jTrn1 (λ−1u)−j2Trk1(λ−1)
+ ω−Tr
k
1(λ
−1(a+u)p
k+1)
)
(4.4)
Since Trk1(λ
−1) = 0 and Trn1 (λ
−1u) = 0, (4.4) can be simplified to
χ̂f (a) =− pk
(
ω−Tr
k
1(λ
−1ap
k+1) 1
p
p−1∑
j=0
ω−jTr
n
1 (λ
−1a)
− ω−Trk1(λ−1(a+u)p
k+1)
(1
p
p−1∑
j=0
ω−jTr
n
1 (λ
−1a) − 1))
Clearly, if Trn1 (λ
−1a) = 0, then
χ̂f (a) = −pkω−Trk1(λ−1ap
k+1).
If Trn1 (λ
−1a) 6= 0, then
χ̂f (a) = −pkω−Tr
k
1(λ
−1(a+u)p
k+1).
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Therefore |χ̂f (a)| = pk for all a ∈ Fpn . 
Remark 3. 1) If k = 1, i.e., n = 2, then Trk1(λ
−1) = λ−1 6= 0 for λ ∈ F∗p. It is clear that
Trn1 (ux)Tr
n
1 (x)
p−1 = uTrn1 (x) if u ∈ F∗p.
2) It was shown in [17] that the algebraic degree of p-ary weakly bent functions with
(p−1)n ≥ 4 over Fpn is at most (p−1)n2 . Clearly, the algebraic degree of Trn1 (ux)Trn1 (x)p−1
is at most p. Expanding Trn1 (ux)Tr
n
1 (x)
p−1 by the definition of trace function, we can verify
that there is a term (up−u)xp+(p−1) in f(x). Note that up−u 6= 0 beause u ∈ Fpn\Fp. This
implies that the algebraic degree of the p-ary bent function defined by (4.3) is equal to p. Up
to the authors’ knowledge, this is the first class of p-ary bent functions of algebraic degree
p. In other words, we proved that for any odd prime number p, there is a bent function
of algebraic degree p. For an odd prime p, some known classes of p-ary monomial and
binomial bent functions were listed in Table II [18] and Table 1 [34] respectively. Note
that algebraic degree is an affine invariant. According to Table II [18] and Table 1 [34],
we conclude that there exist bent functions of the form as in (4.3) which are affinely
inequivalent to all known ones listed in Table II [18] and Table 1 [34].
Example 4. Let p = 7, k = 2 and n = 4. Let α be the generator of F∗56 with α
4 + 5α2 +
4α+ 3 = 0. Take λ = α200, u = α90. Then f defined by (4.3) is
f(x) = Tr21(α
200x50)− Tr41(α90x)Tr41(x)6.
Using Magma, we can verify that Tr21(λ
−1) = 0, Tr41(λ
−1u) = 0 and f is bent, which is
consistent with the results given in Theorem 4.
Similar to above, by Lemmas 3 and 6, we can obtain another calss of p-ary bent functions
of algebraic degree p.
Theorem 5. For any positive integer n > 2, let λ ∈ F∗pn and u ∈ Fpn \ Fp . Then the
p-ary function f defined as
f(x) = Trn1 (λx
2)− Trn1 (ux)Trn1 (x)p−1(4.5)
is a weakly regular bent function if Trn1
(
1
4λ
)
= 0 and Trn1
(
u
4λ
)
= 0.
Remark 4. When n = 2, let α be the generator of F∗p2. The equation Tr
2
1
(
1
4x
)
= 14x +
( 14x)
p = 0, i.e., xp−1 = −1 has p − 1 solutions α (p+1)i2 in F∗p2, where i = 2t − 1 for
1 ≤ t ≤ p − 1. For any solution λ of xp−1 = −1, the equation Trn1
( y
4λ
)
= 0, i.e.,
y
4λ + (
y
4λ )
p = y4λ +
1
4λ (
1
λ)
p−1yp = y4λ − 14λyp = 0 leads to y ∈ Fp, which is contradict with
our assumption u ∈ Fpn \ Fp. Therefore we assume that n > 2 in Theorem 5.
Example 5. Let p = 5 and n = 3. Let α be the generator of F∗53 with α
3 + 3α + 3 = 0.
Take λ = α9, u = α14. Then f defined by (4.5) is
f(x) = Tr31(α
9x2)− Tr31(α14x)Tr31(x)4.
Using Magma, we can verify that Tr31((4λ)
−1) = 0, Tr31((4λ)
−1u) = 0 and f is bent, which
is consistent with the results given in Theorem 5.
5. Conclusion
The main purpose of this paper is to provide constructions of p-ary functions with low
Walsh spectra. We succeed in constructing more quadratic ternary bent, near-bent and
2-plateaued functions, and determining the distribution of the Walsh spectrum of some
2-plateaued functions constructed in this paper. In addition, two classes of non-quadratic
p-ary bent functions are obtained. Furthermore, our computer experiments show that
13
there are more p-ary bent functions of the form (1.3) which may be obtained via p-
ary Kasami and Sidelnikov monomials, such as f1(x) = Tr
4
1(ξ
6x2) + 2Tr41(x)
2, f2(x) =
Tr41(ξx
26) + 2Tr41(x)
2 over F54 , where ξ is a primitive element of F54 . Unfortunately, the
bentness of theses functions can not be characterized by our method. We leave this for
future work.
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6. Appendix
Computation of the value distribution of the Walsh transform of 2-plateaued
function f given by (3.2).
The condition that Trk1(λ
−1u3
k+1) = Trk1(λ
−1v3
k+1) = 0 and Trn1 (λ
−1u3
k
v) = 2 leads
to u 6= ±v. Otherwise, assume that u = ±v, then Trn1 (λ−1u3
k
v) = ±Trn1 (λ−1u3
k+1) =
±Trk1(Trnk(λ−1u3
k+1)) = ±2Trk1(λ−1u3
k+1) = 2, and thus, Trk1(λ
−1u3
k+1) = ±1. This is
contrary to the assumption that Trk1(λ
−1u3
k+1) = 0.
Let Trk1(λ
−1a3
k+1) = c0 and denote by Ni the number of a ∈ F3n such that χ̂f (a) =
−3k+1ωi, where i = 0, 1, 2. The equality (3.7) implies that if Trk1(λ−1a3
k+1) = 0, Trn1 (λ
−1a3
k
u) =
0 and Trn1 (λ
−1a3
k
v) = 0, then χ̂f (a) = −3k+1. Hence we have
N0 =
1
27
∑
a∈F3n
∑
x∈F3
ωxTr
k
1(λ
−1a3
k+1)
∑
y∈F3
ωyTr
n
1 (λ
−1a3
k
u)
∑
z∈F3
ωzTr
n
1 (λ
−1a3
k
v)
=
1
27
∑
a∈F3n
(1 + ωTr
k
1(λ
−1a3
k+1) + ω−Tr
k
1(λ
−1a3
k+1))(1 + ωTr
n
1 (λ
−1a3
k
u)
+ ω−Tr
n
1 (λ
−1a3
k
u))(1 + ωTr
n
1 (λ
−1a3
k
v) + ω−Tr
n
1 (λ
−1a3
k
v))
=
1
27
∑
a∈F3n
(1 + ωTr
k
1(λ
−1a3
k+1) + ω−Tr
k
1(λ
−1a3
k+1))
(
1 + ωTr
n
1 (λ
−1a3
k
v)
+ ω−Tr
n
1 (λ
−1a3
k
v) + ωTr
n
1 (λ
−1a3
k
u) + ωTr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
+ ωTr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v) + ω−Tr
n
1 (λ
−1a3
k
u) + ω−Tr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
+ ω−Tr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v)
)
.(6.1)
Recalling u, v ∈ F∗3n and u 6= ±v, we have∑
a∈F3n
ω±Tr
n
1 (λ
−1a3
k
u) =
∑
a∈F3n
ω±Tr
n
1 (λ
−1a3
k
v) =
∑
a∈F3n
ω−Tr
n
1 (λ
−1a3
k
(u±v))
=
∑
a∈F3n
ω−Tr
n
1 (λ
−1a3
k
(v±u)) = 0.(6.2)
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From (6.2), the equality (6.1) can be simplified to
N0 =3
n−3 +
1
27
∑
a∈F3n
(ωTr
k
1 (λ
−1a3
k+1) + ω−Tr
k
1(λ
−1a3
k+1))
(
1 + ωTr
n
1 (λ
−1a3
k
v)
+ ω−Tr
n
1 (λ
−1a3
k
v) + ωTr
n
1 (λ
−1a3
k
u) + ωTr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
+ ωTr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v) + ω−Tr
n
1 (λ
−1a3
k
u) + ω−Tr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
+ ω−Tr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v)
)
.(6.3)
Since raising elements of F∗3n to the power of 3
k +1 is a 3k +1 to 1 mapping on to F∗
3k
,
∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1) =
∑
a∈F3n
ω−Tr
k
1(λ
−1a3
k+1)
= 1 + (3k + 1)
∑
b∈F∗
3k
ωTr
k
1(λ
−1b) = −3k(6.4)
because λ ∈ F∗
3k
.
From Trk1(λ
−1u3
k+1) = 0, we obtain∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)±Trn1 (λ−1a3
k
u)
=
∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)±Trn1 (λ−1a3
k
u)+Trk1(λ
−1u3
k+1)
=
∑
a∈F3n
ωTr
k
1(λ
−1(a±u)3k+1) = −3k(6.5)
and ∑
a∈F3n
ω−Tr
k
1(λ
−1a3
k+1)±Trn1 (λ−1a3
k
u) = −3k.(6.6)
Similarly, it follows from Trk1(λ
−1v3
k+1) = 0 that∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)±Trn1 (λ−1a3
k
v)
=
∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)±Trn1 (λ−1a3
k
v)+Trk1(λ
−1v3
k+1)
=
∑
a∈F3n
ωTr
k
1(λ
−1(a±v)3k+1) = −3k(6.7)
and ∑
a∈F3n
ω−Tr
k
1(λ
−1a3
k+1)±Trn1 (λ−1a3
k
v) = −3k.(6.8)
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On the other hand, it follows from Trk1(λ
−1u3
k+1) = 0, Trk1(λ
−1v3
k+1) = 0 and Trn1 (λ
−1u3
k
v) =
2 that ∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)+Trn1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
=ω
∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)+Trn1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)+Trn1 (λ
−1u3
k
v)
× ωTrk1(λ−1u3
k+1)+Trk1(λ
−1v3
k+1)
=ω
∑
a∈F3n
ωTr
k
1(λ
−1(a+v+u)3
k+1)
=− 3kω.(6.9)
Similarly, we have∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)+Trn1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v) =ω2
∑
a∈F3n
ωTr
k
1(λ
−1(a−v+u)3k+1)
=− 3kω2,(6.10)
∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)−Trn1 (λ−1a3
k
u)+Trn1 (λ
−1a3
k
v) =ω2
∑
a∈F3n
ωTr
k
1(λ
−1(a+v−u)3k+1)
=− 3kω2(6.11)
and ∑
a∈F3n
ωTr
k
1 (λ
−1a3
k+1)−Trn1 (λ−1a3
k
u)−Trn1 (λ−1a3
k
v) =ω
∑
a∈F3n
ωTr
k
1(λ
−1(a−v−u)3k+1)
=− 3kω.(6.12)
Using Trk1(λ
−1u3
k+1) = 0, Trk1(λ
−1v3
k+1) = 0 and Trn1 (λ
−1u3
k
v) = 2 again, we obtain∑
a∈F3n
ω−Tr
k
1(λ
−1a3
k+1)+Trn1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
=ω2
∑
a∈F3n
ω−Tr
k
1(λ
−1a3
k+1)+Trn1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)−Trn1 (λ−1u3
k
v)
× ω−Trk1(λ−1u3
k+1)−Trk1(λ−1v3
k+1)
=ω2
∑
a∈F3n
ωTr
k
1(−λ−1(a−v−u)3
k+1)
=− 3kω2.(6.13)
Similarly, we have∑
a∈F3n
ω−Tr
k
1 (λ
−1a3
k+1)+Trn1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v) =ω
∑
a∈F3n
ωTr
k
1(−λ−1(a+v−u)3
k+1)
=− 3kω,(6.14)
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∑
a∈F3n
ω−Tr
k
1 (λ
−1a3
k+1)−Trn1 (λ−1a3
k
u)+Trn1 (λ
−1a3
k
v) =ω
∑
a∈F3n
ωTr
k
1(−λ−1(a−v+u)3
k+1)
=− 3kω(6.15)
and ∑
a∈F3n
ωTr
k
1(λ
−1a3
k+1)−Trn1 (λ−1a3
k
u)−Trn1 (λ−1a3
k
v) =ω2
∑
a∈F3n
ωTr
k
1(λ
−1(a−v−u)3k+1)
=− 3kω2.(6.16)
Combining (6.3)-(6.16), we get
N0 =3
n−3 +
1
27
(−10 · 3k − 4 · 3k(ω + ω2)) = 3n−3 − 1
27
6 · 3k = 3n−3 − 2 · 3k−2.
We next compute N1 and N2. According to (3.7), if Tr
k
1(λ
−1a3
k+1) = 2, Trn1 (λ
−1a3
k
u) = 0
and Trn1 (λ
−1a3
k
v) = 0, then χ̂f (a) = −3k+1ω. Therefore we have
N1 =
1
27
∑
a∈F3n
∑
x∈F3
ωx(Tr
k
1(λ
−1a3
k+1)−2) ∑
y∈F3
ωyTr
n
1 (λ
−1a3
k
u)
∑
z∈F3
ωzTr
n
1 (λ
−1a3
k
v)
=
1
27
∑
a∈F3n
(1 + ω1+Tr
k
1 (λ
−1a3
k+1) + ω2−Tr
k
1(λ
−1a3
k+1))(1 + ωTr
n
1 (λ
−1a3
k
u)
+ ω−Tr
n
1 (λ
−1a3
k
u))(1 + ωTr
n
1 (λ
−1a3
k
v) + ω−Tr
n
1 (λ
−1a3
k
v))
=
1
27
∑
a∈F3n
(1 + ω1+Tr
k
1 (λ
−1a3
k+1) + ω2−Tr
k
1(λ
−1a3
k+1))
(
1 + ωTr
n
1 (λ
−1a3
k
v)
+ ω−Tr
n
1 (λ
−1a3
k
v) + ωTr
n
1 (λ
−1a3
k
u) + ωTr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
+ ωTr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v) + ω−Tr
n
1 (λ
−1a3
k
u) + ω−Tr
n
1 (λ
−1a3
k
u)+Trn1 (λ
−1a3
k
v)
+ ω−Tr
n
1 (λ
−1a3
k
u)−Trn1 (λ−1a3
k
v)
)
.
By a similar process of calculating N0, we can obtain
N1 =3
n−3 +
1
27
(−5 · 3kω − 5 · 3kω2 − 2 · 3kω(ω + ω2)− 2 · 3kω2(ω + ω2))
=3n−3 +
1
27
(−3 · 3k(ω + ω2)) = 3n−3 + 3k−2.
According to Parseval equation
∑
a∈F3n |χ̂f (a)|2 = 32n, we get the number of a ∈ F3n such
that |χ̂f (a)| = 3k+1 is equal to 3n−2 and the number of a ∈ F3n such that χ̂f (a) = 0 is
equal to 3n − 3n−2. This implies that N2 = 3n−3 + 3k−2.
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